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Abstract 

The notion of intuitionistic fuzzy set was introdueed by Atanassov as a general- 
ization of the notion of fuzzy set. In this paper we apply this concept of Atanassov 
to ideals, prime ideals and semiprime ideals of F-semigroups in order to obtain some 
characterization theorems. We also introduce the notion of Atanassov's intuitionis- 
tic fuzzy ideal extension in a F-semigroup and investigate some of their important 
properties. A regular F-semigroup has been characterized in terms of Atanasov's 
intutionistic fuzzy ideal. Characterization of prime ideal of a F-semigroup has also 
been obtained in terms of Atanassov's intutionistic fuzzy ideal extension. 
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1 Introduction 



A semigroup is an algebraic structure consisting of a non-empty set S together with 
an associative binary operation[T2]. The formal study of semigroups began in the early 
20th century. Semigroups are important in many areas of mathematics, for example, 
coding and language theory, automata theory, combinatorics and mathematical analy- 
sis. In 1981 M.K. Sen[21j introduced the notion of F-semigroup as a generalization of 
semigroup and ternary semigroup. We call this F-semigroup a both sided T-semigroup. 
In 1986 M.K. Sen and N.K. Saha[23] modified the definition of Sen's F-semigroup. This 
newly defined F-semigroup is known as one sided T-semigroup. F-semigroups have 
been analyzed by a lot of mathematicians, for instance by Chattopadhyay^, Dutta 
and Adhikari[lll3[8l[9], Hila[ini HI], Chinram[5l, Sen et al.[22l[24]. T.K. Dutta and 
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N.C. Adhikari[Tl Uj mostly worked on both sided T -semigroups. They defined operator 
semigroups of such type of F-semigroups and estabhshed many results and obtained 
many correspondences between a F-semigroup and its operator semigroups. In this 
paper we have considered both sided T -semigroups. 

After the introduction of fuzzy set by Zadeh[27], reconsideration of the concept of 
classical mathematics began. On the other hand, because of the importance of group 
theory in mathematics, as well as its many areas of application, the notion of fuzzy 
subgroups was defined by Rosenfeld[17J and its structure was investigated. Das char- 
acterized fuzzy subgroups by their level subgroups in [6]. Nobuaki KurokifHl [TSj [E] 
is the pioneer of fuzzy ideal theory of semigroups. The idea of fuzzy subsemigroup 
was also introduced by Kuroki[T4l I16j . In [15], Kuroki characterized several classes of 
semigroups in terms of fuzzy left, fuzzy right and fuzzy bi-ideals. Others who worked 
on fuzzy semigroup theory, such as X.Y. Xie|26]. Y.B. Jun[T3], are mentioned in the 
bibliography. 

In 2007, Uckun Mustafa, Ali Mehmet and Jun Young Bae[25] introduced the notion 
of intuitionistic fuzzy ideals in F-semigroups. Motivated by Kuroki[l31[T5l[16], Mustafa 
et al.[25], S.K. Sardar et al.[18l [191 [20] have initiated the study of F-semigroups in 
terms of fuzzy sets. The purpose of this paper is as mentioned in the abstract. 

2 Preliminaries 

After the introduction of fuzzy sets by Zadeh[27], several researches were conducted on 
the generalization of fuzzy sets. As an important generalization of the notion of fuzzy 
sets on a non-empty set X, Atanassov introduced in [2 |3] the concept of IFS{X^ as 
objects having the form 

^ = {< X, HAix), i^Aix) >: X e X}, 

where the functions fiA ■ X ^ [0, 1] and i^a ■ X ^ [0, 1] denote the degree of member- 
ship and the degree of non-membership of each element x & X to the set A respectively, 
and < ha{x) + i^a{x) < 1 for all x G X. 

Let A and B be two IFS{X). Then the following expressions are defined in |2l [3]. 

(1) A C B if and only if fj.A{x) < fJ-six) and i^a{x) > vb{x), 

(2) A = B if and only if A <Z B and B <Z A, 

(3) A^ = {< x,UA{x),fiAix) >:xe X}, 

(4) An B = {< x, min{fiA{x), fJ-B{x)}, max{z^A(2;), z^_b(x)} >: x £ X}, 



IFS{X) denote the intuitionistic fuzzy sets defined on a non-empty set X. 
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(5) ^ U i? = {< X, mayi{fiA{x), fiB{x)}, m.m{uAix),i'B{x)} >: x £ X}, 

(6) DA = {< x, fiAix), 1 - fiAix) >: X e X}, 

(7) OA = {<x,l- ua{x), i^a{x) >:xe X}. 

For a non-empty family of IFS{X), Ai = {fj,Ai,i^Ai)i£i we define inf Ai = (inf 

fiAi, sup VAi) and sup Ai = (sup ;Uyi.,inf UAi) are also the IFS{X), given as : inf 
ie/ iei i&i ^G-f 

Ai : X [0,1], X — (inf ^u^i. (x), sup i/^-(a;)) and sup Ai : X — >■ [0,1], x — > (sup 

/iA,(x),inf VA,{x)). 

For the sake of simplicity, we shall use the symbol A = (/i^,i/^) for the IFS{X), 
^4 = {< X, ij-a{x), i^a{x) >: X G X}. 

Now we shall discuss some elementary concepts of F-semigroup theory which will 
be required in the sequel. 

Let S and F be two non-empty sets. S is called a F-semigroup [7] if there exist 
mappings from S x T x S to S, written as (a, a, b) — > aab, and from F x S x F to 
F, written as (a,a, /3) — > aaf3 satisfying the following associative laws {aab)/3c = 
a{abj3)c = aa{bf3c) and a{a/3b)^ = {aa/3)b^ = aa{j3b^) for all a, 6, c G S and for all 
a,/3,7 G F. 

Let S be the set of all integers of the form 4?7- + 1 and F be the set of all integers of 
the form 4n + 3 where n is an integer. If 006 is a + a + 6 and aa/3 is a + a + /3 (usual 
sum of integers) for all a, 6 G S" and for all a, /3 G F, then is a F-semigroup [7J. 

A LI{S){RI{S))ll\ is a non-empty subset I oi S such that STI C / {ITS C /). If 
/ is both a LI{S) and a RI{S), then we say that / is an /(S*)!?]. 

Let 5 be a F-semigroup. An I{S), P is said to be -P/(5') |8] if, for any two I{S), A and 
B, ATB C P implies that A C P oi B C P. 

Let be a F-semigroup. An I{S), Q is said to be SPI{S)[8\ if, for any I{S), A, 

ATA C Q implies that ACQ. 

Now we recall the following theorem. 

Theorem 2.1. [191 -^^^ ^ '^'^ ^{'^)- Then the following are equivalent: 

(1) / is PI{S){SPI{S)), 

(2) xFS'Fy C I ^ X £ I or y £ I{resp. xF5Fx C I ^ x £ I), 

(3) xFy Q I ^ x £ I or y £ I{resp. xTx C I ^ x £ I). 

LI{S), RI{S), I{S), PI{S), SPI{S) respectively denote the left ideal(s), right ideal(s), ideal(s), 
prime ideal(s), semiprime ideal(s) of a F-semigroup 5*. 
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3 Intuitionstic Fuzzy Ideals 

Unless or otherwise stated throughout this paper S stands for a both sided F-semigroup. 

Definition 3.1. [25j A non-empty IFS, A = {^a, ^a) of S is called an IFLI{s\ if it 
satisfies: 

(1) fj.A{x^y) > fJ-Aiu) for all x,y & S and for all 7 G T, 

(2) UA{xjy) < VAiv) for all x,y & S and for all 7 G F. 

Definition 3.2. [25' A non-empty IFS, A = {fiA,J^A) of S is called an IFRI{S) if it 
satisfies: 

(1) ^A{x^y) > fJ,A{x) for all x,y £ S and for all 7 G T, 

(2) VA{x"fy) < i^Aix) for all x,y (z S and for all 7 € F. 

Definition 3.3. [25| A non-empty IFS, A = {^a, t^a) of S is called an IFI{S) if it is 
an IFLI{S) and IFRI{S). 

Example 1. Let S be the set of all non-positive integers and T be the set of all 
non-positive even integers. Then S" is a F-semigroup where ajb denote the usual mul- 
tiplication of integers a, 7, b with a,b £ S and 7 € F. Let A = (fiA, va) be an IFS of 
S, defined as follows 







if X = 


Ha{x) = < 




if X = -1,-2 




[ 0.2 


if X < -2 




' 


if X = 


va{x) = 1 


0.6 


if X = -1,-2 




. 0.7 


if X < -2 



Then the IFS, A = (^a, ^a) of S is an IFI{S). 

For all the results formulated in this paper, we only describe proof for the IFLI. 
For IFRI similar results hold as well. 

By routine verification we obtain the following proposition and subsequent lemmas. 

Proposition 3.4. // JigA is a family of IFLI{S){IFRI{S),IFI{S)), then H 

is an IFLI{S){IFRI{S),IFI{S)). 

Lemma 3.5. If A = {jia,i^a) is an IFLI{S){IFRI{S), IFI{S)), then so is DA = 

IFS{S), IFLI{S), IFRI{S), IFI{S) denote respectively the intuitionistic fuzzy subset(s), in- 
tuitionistic fuzzy left ideal(s), intuitionistic fuzzy right ideal(s), intuitionistic fuzzy ideal(s) of a F- 
semigroup S. 



4 



Lemma 3.6. If A = {ha,i^a) is an IFLI{S){IFRI{S), IFI{S)), then so is OA = 

Combining Lemmas 3.5 and 3.6 we obtain the following theorem. 

Theorem 3.7. A = iiJ,A,i'A) is an IFLI{S){IFRI{S),IFI{S)), if and only ifBA and 
OA are IFLI{S){IFRI{S),IFI{S)). 

Definition 3.8. For any t € [0, 1] and a fuzzy subset fi of S, the set 

U{n; t) = {xeS : ii{x) > i}(resp. L(/x; t) = {x e S : n{x) < t}) 
is called an upperi^resp. lower) t-level cut of /x. 

Theorem 3.9. If A = {ha^i^a) is an IFLI{S){IFRI{S), IFI{S)), then the upper and 
lower level cuts U{iJ.A',t) and L{i'A;t) are LI{S){RI{S), I{S)), for every t G Im{iJ.A) H 
Im{i'A)- 

Proof Let t G Im{iJ.A) n Im{uA)- Let a; G S, 7 G F and y G U{fiA',t). Then HAiv) > t. 
Since A = is an IFLI{S), hence fiA{xjy) > > t. Consequently, xjy G 

U{fiA;t). 

Again, let a; G 5", 7 G F and y G L{i'a] t). Then VAiv) < t. Since A = {ij,a, i'a) is an 
IFLI{S), hence i'A{x^y) < i^A{y) < t. Consequently, x^y G L{i/A;t). Hence U{iJ,A;t) 
and L{i/A;t) are LI{S). Similarly we can prove the other cases also. □ 

Theorem 3.10. If A = {ha, i'a) is an IFS of S such that the non-empty sets U{iJ,A;t) 
and L{vA;t) are LI{S){RI{S), I{S)), forte [0,1]. Then the IFS, A = {ijla,i^a) is an 
IFLI{S){IFRI{S),IFI{S)). 

Proof. For t G [0, 1], let us assume that the non-empty sets U{iJLA\t) and L{vA]t) are 
LI{S). Now we shall show that A = (pA, t^a) satisfies the conditions of Definition 3.1. 
Let y € S such that //yi(y) = = i^A{y)- Then y G U{iJ,A',to) and y G L{i'A',to). Let 
X e S and 7 G F. Since U{fiA',t) and L{uA;t) are LI{S), so xjy G U{fiA;to) and 
xjy G L{i'A;to) which implies that ^Aix'yy) > io = fJ-Aiy) and i^Aixjy) < to = VAiv)- 
Hence A = (/x^, i^a) is an IFLI{S). Similarly we can prove the other cases also. □ 

Proposition 3.11. Let S be a T-semigroup and A = {hajJ^a) be an IFI{S). 

(1) If oj be a fixed element of S, then the set A^ = (/x^^,!^^) = {x G -S : fJ-A{x) > 
Ha{ijj),i^a{x) < i^yi(a;)} is an I{S). 

(2) The set U = {hu, J^u) = {x e S : i^uix) = A*c/(0), I'uix) = f[/(0)} is an I{S). 

Proof. The proof is straightforward and so we omit it. □ 

Theorem 3.12. Let I be a non-empty subset of S. If two fuzzy subsets fj, and v are 
defined on S by 
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and 




(3o ifxGl 
/3i ifxeS-I 



where < ai < aoi < /5o < /3i and + A < 1 for i = 0, 1. Then A = {fj,, v) is an 
IFLI{S){IFRI{S), IFI{S)) and U{fi; ao) = I = L{u; /3o). 

Proof. Let / be a LI{S) and x,y € S,'y € T. U y ^ I, then //(y) = ai and = /3i 
and fx{x^y) = ao or ai and v{x^y) = Po or /3i according as x^y G / or ^ 7. 
Again if y G /, then X7y G / and so ii{x^y) = oq and v{x^y) = Pq. Thus, we see that 
^(x7y) > /i(y) and ^{x^y) < i^{y)- Consequently, A = {pL,u) is an IFLI(S). Similar is 
the proof for other cases. 

In order to prove the converse, we first observe that by definition of /x and v, 
U{iJ,; ao) = I = L{u\ Pq). Then the proof follows from Theorem 3.9. □ 

Following result is the characteristic function criterion of an IFLI{S){IFRI{S), IFI 
(S)) which follows as an easy consequence of the above result. 

Corollary 3.13. Let xi' be the characteristic function of a LI{S){RI{S), I{S)), P. 
Then / = ixp,Xp) is an IFLI{S){IFRI{S),IFI{S)). 

Now we define composition of IFI(S) in order to characterize regular F-semigroups 
in terms of IFI(S). 

Definition 3.14. Let S" be a F-semigroup. Let A = (/^a^^^a) and B = {^b^t^b) G 
IFLI{S)[IFRI{S), IFI{S)]. Then the product ^ o B of and 5 is defined as 



Theorem 3.15. In a F-semigroup S the following are equivalent: (1) A = {fXA,i^A) is 
an IFLI{S){IFRI{S),IFI{S)), (2) So AC A{AoSC A), where S = {xs,Xs) ^.^d 
Xs is the characteristic function of S. 

Proof. Let A = (ha, i'a) be an IFLI{S). Let a G S. Suppose there exist u,v E S and 
5 eF such that a = u6v. Then, since A = {fj,A, i'a) is an IFLI{S), we have 




sup [mm{iJ,A{u),i2B{v)} : n, u G 5; 7 G F] 



0, if for any u,v & S and for any 7 G F, x ^ wyv 



and 




inf [m.aK{i'A{u),UB{v)} : u,v E S;j eF] 



1, if for any u,v E. S and for any 7 G F, x 7^ wyv 



{xs o tJ'A){a) = sup [mm{xs{x),HA{y)}] 



= sup [min{l,j[XA(2/)}] = sup 




and 



(X5 ° ^A)(a) = inf [max{x5(x), 

a=x"/y 

= inf [max{0,z^A(y)}] = mf VA{y)- 
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Now, since A = is an IFLI{S), jjiAix^y) > HA{y) and VA{x^y) < VA{y) for 

all x,y E S and for all 7 G F. So in particular, HA{y) < fJ-A^a) and I'Aiy) > i^yl(a) 
for all a = xjy. Hence sup HA{y) < and inf VAiy) > z^A(a)- Thus HAia) > 

a=X'yy a=x'yy 

ixs ° ^A)(a) and VAia) < (Xs ° If there do not exist x,y € S,j £ T such that 

a = x'yy then (xs ° Ma) (a) = < /Xyi(a) and (x^ o z/^)(o) = 1 > z^^(a). By a similar 
argument we can prove the other case also. 

Conversely, Let x, y G S, 7 € T and a := x^y. Then fiA{x^y) = /^^(a) > (x50/x^)(a) 
and VA{x^y) = T^A{a) < {xs ° ^A){,a). Now 

{xsoi^A){a)= sup [mm{xs{u),HA{v)}]>mm{xs{x),fiA{y)} 

a=uav 

= mm{l, fiA{y)} = I^A{y) 

and 

iXs ° ^A){a) = inf [max{xs(u), z/a(w)}] < max{x5(a;), i^Aiy)} 

a=uav 

= max{0, J^A(y)} = i^Aiy)- 

Consequently, jj,A{x^y) > ^iA{y) and UAixjy) < i^Aiv)- Hence A = (/Lt^,z/^) is an 
IFLI{S). Similarly we can prove in case of IFRI{S). 

□ 

Using the above theorem we deduce the following theorem. 

Theorem 3.16. In a T-semigroup S the following are equivalent: (1) A = {iia,i^a) 
is an IFI{S), (2) S o A Q A and A o S C A, where S = {xs,Xs) ^'"'^ xs is the 
characteristic function of S. 

Proposition 3.17. Let A = (hajI'a) be an IFRI{S) and B = {hb,i^b) be an IFLI{S). 
Then Ao B C AnB. 

Proof. Let A = (fiA, ^a) be an IFRI{S) and B = {^b-, i^b) be an IFLI{S). Let x E S. 
Suppose there exist ui,vi £ S and 71 € F such that x = ui'fivi. Then 

i/J-A o IJ'b){x) = sup mm{iJ,A{u),fj,Biv)} 

X=U'~fV 

< sup min{/x^(u7v), /xb('U7v)} 

x=u'yv 

= mm{nAix),iJ,B)}{x) = {iiA^i ij.b){x) 

and 

{vA o iyB){x) = inf max{z/A(ti), I'Biv)} 

x=u'yv 

> inf max{i'A(u'yv),i^B(u'yv)} 

x=U'yv 

= max{i'A{x),i'B)}{x) = {vA U i'b){x). 

Suppose there do not exist u,v E S such that x = wyv. Then (/x^ o ^b){x) = < 
{HA n IJ'b){x) and {i^a ° i^b){x) = 1 > {j^a U i'B)ix)- Hence the proof. 

□ 
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Prom the above proposition and the definition oi An B the fohowing proposition 
fohows easily. 

Proposition 3.18. Let A = {fiA,HA),B = {123,1^3) e IFI{S). Then AoB C AnB C 
A,B. 

Proposition 3.19. Let S be a regular T-semigroup and A = {fj,A, va) o-nd B = (/is, z^b) 
be two IFS{S). Then Ao B D AnB. 

Proof. Let c e S. Since S is regular, then there exists an element x e S and 71,72 G F 
such that c = 071x72 c = eye where 7 := 71x72 G T. Then 

{liAO ijlb){c) = sup {Tiim.{nA{u), ^b{v)}} 

c=uav 

> min{/Li^(c),/XB(c)} = (/xa n/XB)(c) 

and 

{vA o i^b){c) = inf {max{i^A{u),i^B{v)}} 

c=uav 

< max{z/A(c), 1^3(0)} = {i^A U ^'b)(c). 

Hence Ao B D AnB. □ 

To conclude this section we obtain the following characterization of a regular F- 
semigroup in terms of intutionistic fuzzy ideals. 

Theorem 3.20. In a F-semigroup S the following are equivalent: (1) S is regular, (2) 
Ao B = An B where A = (fiA, ^a) is an IFRI{S) and B = {fis, i^b) is an IFLI{S). 

Proof. Let be a regular F-scmigroup. Then by Proposition 3.19, Ao B D Ar\ B. 
Again by Proposition 3.17, Ao B <Z AnB. Hence Ao B = AnB. 

Conversely, let be a F-semigroup and Ao B = An B where A = {/jla, i^a) is an 
IFRI{S) and B = {fiB, t^b) is an IFLI{S). Let L and R be respectively a LI{S) and a 
RI{S) and x € RCiL. Then x £ R and x G L. Hence (xiix), Xl(^)) = {xr{^)tXr{^)) = 
(1, 0)(where Xl(x) and Xr{^) are respectively the characteristic functions of L and R). 
Thus 

{xr^Xl){x) = mm{xR{x),XL{x)} = 1 and {x'k'^xDix) = max{xfl(x), xila^)} = 0- 

Now by Corollary 3.13, {xl,Xl) and (xRiXr) are respectively an IFLI{S) and an 
IFRI{S). Hence by hypothesis, XR°Xl = XR^ Xl and Xr°Xl = Xr^ Xl- Hence 

{xr°Xl){x) = 1 
i.e., sup [mm{xR{y),XL{z)} : y, z e S;-f e T] = 1 

x=y'yz 

and 
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i.e., inf [ma^{xR{y) , Xl{z)} ■ V , z £ S ; j £ T] = 

x=yyz 

This implies that there exist some r,s £ S and 71 G F such that x = r^is and 
{xr{^)iXr{^)) = (1)0) = Hence r £ R and s £ L. Hence x G RTL. 

Thus i? n L C RTL. Also i^TL C n L. Hence RTL = RD L. Consequently, the 
F-semigroup S is regular(c/. Theorem 1[7J). □ 



4 Intuitionistic Fuzzy Prime and Intuitionistic Fuzzy 
Semiprime Ideals 

Definition 4.1. An IFI{S), A = is called an IFPI{sj if inf fiA{x^y) = 

max{/M(x),/iA(y)}Vx,y G S" and sup i^Aix^v) = min{z^A(a:), J^A(y)}Vx, y G S. 

Definition 4.2. An IFI(S), A = (fiA,J^A) is called an IFSPI(S) if /i^fx) > inf 

fj,A{xjx)yx G S and z^A(a^) < sup i^Aix^x)\/x G 5". 

7Gr 

By routine verification we obtain the following proposition and two subsequent 
lemmas. 

Proposition 4.3. If {AijieA is a family of IFPI{S){IFSPI{S)), then f] Ai is an 
IFPI{S){IFSPI{S)). 

Lemma 4.4. If A = {ija,i'a) is an IFPI{S){IFSPI{S)), then so is OA = {i^a^I^a)- 

Lemma 4.5. If A= {^ma.i^a) is an IFPI{S){IFSPI{S)), then so is OA = {v%va)- 

Combining Lemmas 4.4 and 4.5 we obtain the following theorem. 

Theorem 4.6. A = ipA,i^A) is an IFPI{S)iIFSPIiS)), if and only ifBA and OA 
are IFPI{S){IFSPI{S)). 

Theorem 4.7. If A = (^a,z^a) is an IFPI{S){IFSPI{S)), then the upper and lower 
level cuts U{fiA',t) and L{vA'-,t) are PI{S){SPI{S)) for every t G Im{fiA) r\Im{i^A)- 

Proof. Let A = {fiA, ^a) be an IFPI{S) and t G Im{fiA) H Im{uA). Let x, y G 5,7 G F 

and x^y G U{fiA',t). Then fiA{xjy) > tVj G F. So inf fj,A{xjy) > t. It follows that 

7Gr 

max{fiA{x), fiA{y)} > t- So fJ-A^x) > t or fJ-Aiy) > t. Hence x £ U {fiA] t) or y £ U {^a', t). 
Hence U{iJ,A,t) is a PI{S). 

PliS), SPI{S), IFPI{S), IFSPI{S) respectively denote the prime ideal(s), semiprime ideal(s), 
intuitionistic fuzzy prime ideal(s), intuitionistic fuzzy semiprime ideal(s) of a F-semigroup 5*. 



9 



Again let x,y E S and xjy G L{uA;t). Then VA{xjy) < tV7 G F. So sup UA{xjy) < 

7er 

It follows that min{z/^(x), i^yi(?/)} < 1 So i^A(a^) < i or < t. Hence x G L{uA;t) 

or y G Hence is a PI{S). Similarly we can prove the other case 

also. □ 

Theorem 4.8. If A = (/x^, z^a) is an IFS{S) such that the non-empty sets U{ij,a; t) and 
L{ua; t) are PI{S){SPI{S)), for t G [0, 1]. Then A = {ha, va) is an IFPI{S){IFSPI 
(S)). 

Proof. Let every non-empty upper level cut U{fj,A', t) and L{ua; t) are PI{S). Let x, y G 
S. Let inf fiA{x^y) = t{we note here that fiAi^^u) S [0, 1]V7 G F, inf iiA{x^y) exists). 

Then fiAix^y) > t\/^ G F. So x^y G U{jiA',t)^l G F. So U{pA'it) is non-empty and 
xTy C U {ha] t). Since U {ha] t) is a PI{S), so x & U {ha] t) oi y € U {ha]^)- So ha{x) > t 
OT HA{y) > t. So msiK{HA{x), HA{y)} > t,i.e.,msix{HA{x), HA{y)} > inf HA{xjy) (1). 

Since A = {ha,i^a) is an IFI{S), so HA{x'yy) > max{HA{x), HA{y)}'^'y S F. Hence inf 

7er 

HA{x'yy) > max{HA{x), HA{y)} (2). Combining (1) and (2) we have inf HA{x^y) = 

m.&yi{HA{x),HA{y)}- 

Again let x,y e S. Let sup UA{xjy) = t{we note here that VA{xjy) G [0, 1]V7 G 

7er 

F, sup VA{x^y) exists). Then i'A{x^y) < iV7 G F. So x'^y G L{uA]ty^l G F. So L{vA]t) 

is non-empty and xTy C L{i'A]t). Since L{uA]t) is a PI{S), so x G L{i'A]t) or y £ 
L{i^ A] t). So ua{x) <tovvA{y) <t. Somin{z/^(x),i/A(y)} < t,i.e.,mm{iyA{x),i^A{y)} < 

sup UA{x-iy) (3). Since A = {ha, i^a) is an IFI{S), so i'A{x^y) < mm{i'A{x) , i'A{y)}'^7 

7Gr 

G F. Hence sup UA{xjy) < mm{u A{x),iyA{y)} (4). Combining (3) and (4) we have 

7er 

sup z/yi(x7y) = mm{uA{x), i'A{y)}- Hence A = {ha,i^a) is an IFPI{S). Similarly we 

7er 

can prove the other case also. □ 

By routine verification we obtain the following theorem. 

Theorem 4.9. Let I he a non-empty subset of S. If two fuzzy subsets h o,f^d v are 
defined on S by 

aQ if X & I 
ai if X E S — I 



h{x) :-- 
and 



v{x) :-- 



Po ifxel 
/3i ifxeS-I 



where < ai < oq, < Pq < Pi and ctj -|- /3j < 1 for i = 0, 1. Then A = {h, v) is an 
IFPI{S){IFSPI{S)). 

Following result is the characteristic function criterion of an IFPI{S){IFSPI{S)) 
which follows as an easy consequence of the above theorem. 
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Corollary 4.10. Let xp be the characteristic function of a PI{S){SPI{S)), P. Then 
/ = {XP,X'p) is IFPI{S){IFSPI{S)). 



5 Intuitionistic Fuzzy Ideal Extension 

Definition 5.1. Let be a F-semigroup, A = {fiA, va) be an IFS{S) and x £ S, then 
the IFS{S), < x,A >= {{y, < x, fiA > (y), < x,ua > (y)) : x £ S} where the functions 
< X, fj-A >■ S ^ [0,1] and < XjUa >■ S ^ [0,1] defined by < x,fiA > (y) := inf 

^A^xjy) and < x,i'a > {y) := sup VA{x^y) is cahed the IFE{A\ by x. 

Example 2. Let S be the set of all non-positive integers and F be the set of all non- 
positive even integers. Then S is a F-semigroup where 076 and aa/3 denote the usual 
multiplication of integers a, 7, 6 and a,a,/3 respectively with a,b £ S and a,/3,j € F. 
Let A = {fiA, z^a) be an IFS of 5, defined as follows 



fj.A{x) 



1 


if X = 




0.1 


if X = — 1, 


-2 


0.2 


if X < -2 







if X = 




0.6 


if X = —1, - 


-2 . 


0.7 


if X < -2 




and 


< X,l^A > 


(?/) = OVy € S. For all other 



l^Aix) 



For X = G S, < X, > (y) = 
X G S, < X, fiA > {y) = 0.1 and < x,va> {y) = 0.7Vy G S. Then the IFS, < x,A >= 
(< X, >5 < 2;, z^A >) of 5 is an IFE{A) by x. 

Proposition 5.2. Lei ^ = (/U^, i'a) be an IFI{S), where S is commutative and x £ S. 
Then < x,A >= (< x, fiA >, < x, va >) is an IFI{S). 

Proof. Let A = (/xajZ^a) be an IFI{S) where S a commutative F-semigroup S and 
p, g G S", /3 G F. Then 

< x,/iA > = inf//A(x7p/3g') > ml ^iA{x-ip) =< x,fiA > (p)- 

7er 7gr 



Again 



<x,UA> {pl3q) = supvA{xjp/3q) < supuAix-fp) =< x, va > (p)- 
7Gr 7er 



Thus < X, j4 > is an IFRI{S) Hence S being commutative < x, j4 > is an IFI{S). □ 

Remark 1. Commutativity of F-semigroup S is not required to prove that < x,A > 
is an IFRI{S) when A is an IFRI{S). 



IFE{A) denote the intuitionistic fuzzy extension of an IFS, A = (/xa, va) of a F-semigroup S. 
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Proposition 5.3. Let A = {/j.AjI'a) be an IFPI{S){IFSPI{S)) where S is commu- 
tative and X e S. Then <x,A>= (< x, jiA >, < x, ua >) is an IFPI{S){IFSPI{S)). 

Proof. Let A = {ij,a,^a) be an IFPI{S). Then by Proposition 5.2, < x,^ > is an 
IFI{S). Let y,zeS. Then 

inf < x,iJ,A > (yPz) = inf inf /i^(x7y/3z)(c/. Definition 5.1) 
I3er 7er7er 

= inf max{iJ.A{x), fiAiyPz)}{cf. Definition 4.1) 

= max{iiA{x), inf fiA{yf3z)} 

/3er 

= max{iJ,Aix),max{fiA{y),IJ-Aiz)}} 

= max{max{/iA (a;), (?/)}, max{n Aix), fiAiz)}} 

= meixi inf HAixSy) , inf u^fxez)} 

= max{< X, jJLA > {y), <x,fiA> (z)}. 

Similarly wc can show that sup < XjI^a > {yf^z) = min{< x, va > iy)i < x^va > {z)}. 

I3er 

Hence by Definition 5.1, < A > is an IFPI(S). By routine calculation we can show 
that < X, ^ > is an IFSPI{S). □ 

Definition 5.4. Let 5 be a F-semigroup and A = (hajI^a) be an IFS{S). Then we 
define the support of S by Supp A = {x £ S : fiA{x) > and i^Aix) < 1}. 

Proposition 5.5. Let S be a T-semigroup, A = {/ia, va) be an IFI(S) and x € S. 
Then we have the following: 

(1) A C< x,A > . 

(2) < (xa)"x, ^ >C< (xa)'^+ix, A > Va G T, Vn G iV. 

(3) If iia{x) > and VAix) < 1 then Supp <x,A >= S. 

Proof. (1) Let y E S. Then < x,ij.a > (y) = inf iJ,A{x^y) > fiA{y){since A is an 

7er 

IFI{S)). Again < XjUa > (y) = supuAix^y) < i'A{y){smce A is an IFI{S)). Hence 

7er 

AQ<x,A> . 

(2) Lety G S. Then < {xa)"-~^^x, ^a > {y) = inf /XA((a;a)"+^a;7y) = inf /x^(a;Q;(xa)"x 

7er 76r 

72/) > inf /x^((xa)"a;7j/)(since A is an IFI{S)) =< {xa)"'x,iJ,A > (y)- Similarly we can 

7er 

show that < {xa)'^'^^x,i'A > {y) << {xa^x^VA > {y)- Hence < {xa^x^A >C< 

{xa)''+^x,A> . 

(3) Since < x, A > is an IFS{S), so by definition Supp < x,A >C S. Let y G 

S. Since A is an IFI{S), we have < x,ijla > (y) = inf/i^(x7?/) > I2a{x) > and 

7er 

< x,UA > (y) = supz/yi(x7y) < UA^x) < 1. So y G Supp < x,A > . Consequently, 
7er 

S C Supp < x,A > . Hence Supp < x,A >= S. □ 
Remark 2. If (xa)°x = x then Proposition 5.5(2) is also true for n = 0. 
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Definition 5.6. [9] Let be a r-semigroup, ACS and x G 5. We define < x,A >= 
{y G S : xTy C A}, wliere xFy := {xay : a S T}. 

Proposition 5.7. Let S be a T-semigroup, (p ^ A Q S and XA be the characteristic 
function of A. Then for all x € S", < x,XA >= X<x,A> o-nd < x, x\ >= X<x Ay- 
Proof. Let x,y ^ S. If y €< x, vl > tlien xTy C A, wliich implies that xjy G AV7 G F. 
Tlien XAix^y) = IV7 G F and hence mixA{xjy) = 1 whence < x,XA> (y) = 1- Also 

X<x,A>iy) = 1- Again if y ^< x,^ > then there exists 7 G F such that X7y ^ A. So 
XAi^jy) = 0. Hence infxyi(2;7y) = 0. Thus mixA{xjy) = whence < x,XA > {y) = 0. 

Also x<x,A>{y) = 0. Hence < x,XA >= X<x,A>- Similarly by routine calculation we 
can show that < x, Xa >= X%x A>- '-' 

Proposition 5.8. Let S be a T-semigroup and A = {^a-,i^a) a non-empty IFS{S). 
Then for any t G [0,1], < x,U{fiA'it) >= U{< x,fiA >',t) and < x,L{uA;t) >= L(< 
x,UA >; t) for all X G 5. 

Proof. Let y £ U{< x, fiA >',t). Then < x,^a > {y) > t. Hence inf/i^(x72/) > t. This 

gives fj^A^x^y) > iV7 G F and hence X7y G C/ (ha', t). Consequently, y G< x, C/ (^a; > • 
It follows that U{< x,fiA >',t) C< x,U{fiA',t) > . Reversing the above argument we 
can deduce that < x,U{fj,A;t) >C [/(< x,fiA >'it)- Hence < x,U{fiA',t) >= U{< 
x,^A >;t)Vx G S. Similarly by routine calculation we can show that < x,L{i'A;t) >= 
L{< x,VA>;t)\/x £ S. □ 

Proposition 5.9. Let S be a commutative T-semigroup and A = (^a,z^a) 
IFS{S) such that < x,A >= A for every x (z S. Then A = is a constant 

function. 

Proof. Let x,y G S. Let < x,A >= AVx G S. Then < x,fj,A >= t^A and < x,z^a >= 

z^aVx G S. Then by hypothesis we have fiA{x) =< y,fJ-A > {x) = ini fiAiyjx) = 

7Gr 

inf^A(a^7y) (since S is commutative) =< x,/ua > (y) = tJ-Aiy)- Again VAix) =< y, va > 
7Gr 

(x) = swpvAiy^x) = supz^A (3:7?/) (since S is commutative) =< x,va > {y) = ^A{y)- 
7er 7Gr 

Hence A = (/ua, va) is a constant function. □ 

Corollary 5.10. Let S be a commutative F-semigroup and A = {ha^^a) be an 
IFPL{S). If j4 = (^A, t^a) is not constant, then A = (fiA, t^a) is not maximal LFPL{S). 

Proof. Let A = {^AiI^a) be an IFPI{S). Since S is commutative, by Proposition 
5.3, < x,^ > is an LFPI{S). Now by Proposition 5.5(1), ^ C< x, A > Vx G S". If 
A =< x,A > for all X G S then by Proposition 5.9, ^ is a constant function which 
contradicts the hypothesis. Hence there exists x G S such that A C< x,A > . This 
completes the proof. □ 
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Corollary 5.11. Let S be a commutative F-semigroup, {Ai}i^i = (/x^., i^^Jjg/ be a 

non-empty family of IFSPI{S) and A = {ha, i^a) = inf Ai = (inf /x^.,sup i^Ai)- Then 

iei iei i^i 

for any x e S, < x,A >= (< x, f^A >, < x, va >) is an IFSPI{S). 

Proof. Since each A^ = {HA,,'^A,){i G I) is an IFI{S), i^a,{0) ^ and VAi / IVi G 

/(each //yi. and i/^^ are non-empty, so there exist Xi E S such that /^^.(xi) 7^ and 

J^Aiixi) ^ IVi G /. Also /UA,(0) = jiA.iOjXA,) > IJiAA^i) and z^a,(0) = VA^i^lXA,) < 

i^Ai{xi)\/i G /. Hence Vi G /, /x^. (0) 7^ and z^Ai(O) 7^ 1). Consequently, //a(0) 7^ 

and z^^(O) / 1. Thus A = (hajI'a) is non-empty. Now let x,y E S and 7 G F. Then 

HA{x^y) = inf HAiixjy) > inf MAi(a:) = //^(a;) and VAixjy) = sup 2/^^(3:72/) < sup 
tei tei i^j i^j 

^Ai{x) = va{x). Hence S being commutative A is an IFI{S). 

Again let a G -S. Then = inf /XAj(o) > inf inf /x^.(a7a) = inf inf /x^.(a7a) = 

ie7 iei ■yer 'yer iei 

inf HA{a,'ya) and i^aCo) = sup ^'Aj(fi) < sup sup 1/^.(070) = sup sup 1/^.(070) = sup 

7er ^gr 7er iei jer 

UAiaja). Thus A = {ij.a,i^a) is an IFSPI{S). Hence by Proposition 5.3, < ^ > is 
an IFSPI{S). □ 

Remark 3. The above corollary shows that in a F-semigroup intersection of arbitrary 
family of IFSPI{S) is an IFSPI{S). 

Corollary 5.12. Let S be a commutative F-semigroup, {Si}i be a non-empty family 

of SPI{S), A := {~\Si^ (f) and M = where ha is the characteristic function 

iei 

of A. Then < M > is an IFSPI{S), for all x e S. 

Proof. By the given condition we have A = f]Si (j). Hence A = {iia,i^a) is non- 

iei 

empty. Let x G S". If x G A, then fiAix) = = and x G SiVi G /. Hence inf 

iei 

HSiix) = 1 = ha{x) and sup H% {x) = = h\{x)- If x ^ ^, then ha{x) = 0, /i^(a;) = 1 

iei 

and for some i G I,x ^ Si. It follows that inf fis {x) = = ij.a{x) and sup fis (x) = 

1 = /x^(x). Thus we see that M = = (inf ,sup 11% ). Again {ijls-,h% ) is 

iei 

an IFSPI{S) for all i G I. Hence by Corollary 5.11, for all x G S, < x, M > is an 
IFSPI{S). □ 

Theorem 5.13. Let S he a T-semigroup. If A = (iiAit^A) is an IFPI{S) and .x G S 
such that HAix) = inf jJLAiy) and VAix) = sup I'Aiy), then < x,A >= A. Conversely, 

if A = {jiA, ^a) be an IFI{S) such that < y,A >= A\/y G S with HA{y) is not maximal 
in ha{S) and VA{y) is not minimal in i^a{S) then A = (hajJ^a) is IFPI(S). 

Proof. Let A = {fiA, i^a) be an IFPI{S) and x e S such that ij.a{x) = inf iJ.A{y) and 

yeS 

va{x) = sup z/A(y) (since each HAiy) and each i^Aiy) G [0,1], a closed and bounded 

yes 

subset of R, so inf /iA(y) and sup VAiy) exist). Let z e S. Then ij.a{x) < IJ-a{z) and 
yes y^s 
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i^Aix) > i^a(z). Hence max{fXA{x) , tJ-A{z)} = /xa(-z) (*) and mm{i'A{x),UA{z)} 

va{z) (**)• Then 

<x,fXA> (z) = ini ha{xjz) 

= max{/x^(x), //A(^)}(since A = (//^,z/^) is an IFPI{S)) 
= ha{z){ using (*)) 



and 



< XjVA > {z) = supj/^(.T7z) 
7er 



= min{z/^(x), (since A = (ij,a,^a) is an IFPI{S)) 

= i'a{z){ using (**)). 

Consequently, < X,A >= A. 

Conversely, let A = {fJ,A,J^A) be an IFI{S) such that < y,A >= ANy G S with 
IJ-A{y) is not maximal in ij.a{S) and I'Aiy) is not minimal in UAiS) and let xi,X2 G S. 
Since A = {^a-, i^a) is an IFI{S), so we have jj,A{xi'yx2) > max{/XA(xi), /XA(a;2)}V7 G F 
and i'A{xi'yx2) < min{z/^(xi), z/^(x2)}V7 G T. This leads to 

inf/XA(a;i7X2) > max{iJ,Aixi) , HAix2)} 

and 

supz/A(a;i7a;2) < min{i^^(xi), 1^^(3:2)} 

7er 

...(* * *). 

Now let us consider the following two cases: 

(i) Either //^(xi) or //A(a^2) is maximal in ha{S) and either or i'Aix2) 

is minimal in i^a{S). 

{a) Neither ij,a{xi) nor ^a{x2) is maximal in ha{S) and neither nor 
i^Aix2) is minimal in 2^^4(6'). 

Case (i) : Without loss of generality, let i^a{xi) is maximal in fiAiS) and i^Aixi) is 
minimal in VAiS). Then 

inf iJ,Aixi'yx2) < fiAixi) = max{nAixi), iJ,Aix2)} 
7er 

and 

sup UA{xi'yx2) > i^a{xi) = mm{uA{xi),UA{x2)} 
■yer 

(* * **). 

Thus by (* * *) and (* * **) we have inf ij,a{xi^X2) = max{/x^(xi), /xa(x2)} and sup 

z/^(xi7X2) = mm{uA{xi),UA{x2)}. 

Case (ii) : By hypothesis < xi,fiA > = < X2,fJ'A >= fJ-A and < xijI^a >=< 

X2,i^A >= i^A- Hence < xi,//^ > (3:2) = /^A(a;2) =^ inf //a (3:17x2) = //a (3^2) = 

7er 
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max{iJ,A{xi), ij,a{x2} and < xi,ua > (^2) = fA{x2) ^ sup i'a{xi^X2) = ua{x2) = 
mm{i'A{xi),i^A{x2}- Hence A = {ij,a,i^a) is an IFPI[S). 

□ 

To end this section and to conclude the paper we deduce the following characteri- 
zation of a PI{S) which follows as a corollary to the above theorem. 

Corollary 5.14. Let 5 be a F-semigroup, / be an I{S) and M = where m is 

the characteristic function of /. Then I is PI{S) if and only if for x E S with x ^ I, 
<x,M >= M. 

Proof. Let 7 be a PI{S). Then by Corollary 4.10, M = is an IFPI{S). Let 

X e S such that x ^ I, then fii{x) = = inf /^/(y) and nj{x) = 1 = sup fi'fiy)- Hence 

by Theorem 5.13, < x,M >= M. 

Conversely, let < x, M >= M for all x € 5 with x ^ I. Let y € S" be such that 
HA{y) is not maximal in ij,a{S) and i^A{y) is not minimal in VAiS). Then = 

and iJ,j{y) = 1 and so y ^ I. So < y,M >= M. So by Theorem 5.13, M = {iii^iif) is 
an IFPI{S). Hence 7 is a PI{S){cf. Corollary 4.10). □ 

References 

[I] N.C. Adhikari; Study of some problems associated with V -semigroups, Ph.D. Disser- 
tation., ( University of Calcutta). 

[2] K. Atanassov; Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20(1986) 87-96. 
[3] K. Atanassov; New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets 

and Systems, 61(1994) 137-142. 
[4] S. Chattopadhyay; Right orthodox T-semigroup, South East Asian Bull. Math., 29 

(2005) 23-30. 

[5] R. Chinram; On quasi-V -ideals in V-semigroups, ScienceAsia., 32 (2006) 351-353. 
[6] P.S. Das; Fhizzy groups and level subgroups, J. Math. Anal. Apple., 85 (1981), 264- 
269. 

[7] T.K. Dutta and N.C. Adhikari; On Prime Radical of T-semigroup, Bull. Cal. math. 

Soc, 86 (5) (1994) 437-444. 
[8] T.K. Dutta and N.C. Adhikari; On T-semigroup with the right and left unities, 

Soochow J. Math., 19 (4) (1993) 461-474. 
[9] T.K. Dutta, S.K. Sardar and S.K. Majumdcr; Fuzzy ideal extensions of T- 

semigroups via its operator semigroups, Int. J. Contemp. Math. Sciences., 4(30) 

(2009) 1455-1463. 

[10] K. Hila; On regular, semiprime and quasi-reflexive T-semigroup and minimal 
quasi-ideals, Lobachevski J. Math., 29 (2008) 141-152. 

[II] K. Hila; On some classes of le- T-semigroup and minimal quasi-ideals. Algebras 
Groups Geom., 24 (2007) 485-495. 



16 



[12] J. Howie; Fundamentals of semigroup theory, London Mathematical Society Mono- 
graphs. New Scries, 12. Oxford Science PubUcations. The Clarendon Press, Oxford 
University Press, New York., 1995. 

[13] Y.B. Jun; On fuzzy prime ideals of Gamma Rings, Soochow J. of Math., 
21(1)(1995) 41-48. 

[14] N. Kuroki; On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets and Sys- 
tems., 5(1981) 203-215. 

[15] N. Kuroki; On fuzzy semigroups. Information Sciences., 53(1991) 203-236. 

[16] N. Kuroki; Fuzzy semiprime quasi ideals in semigroups. Inform. Sci., 75(3)(1993) 
201-211. 

[17] A. Rosenfeld; Fuzzy groups, J. Math. Anal. Appl., 35 (1971) 512-517. 

[18] S.K. Sardar and S.K. Majumder; On fuzzy ideals in V-semigroups, International 

Journal of Algebra., 3 (16) (2009) 775-784. 
[19] S.K. Sardar, S.K. majumder and D. Mandal; A note on characterization of prime 

ideals of T -semigroups in terms of fuzzy subsets. Int. J. of Contemp. Math. Sciences., 

4(30) (2009) 1465-1472. 
[20] S.K. Sardar and S.K. Majumder; A note on characterization of semiprime ideals of 

V-semigroups in terms of fuzzy subsets. Int. J. of Pure and App. Math., 56(3)(2009) 

451-458. 

[21] M.K. Sen; On T-semigroups, Proceedings of the International conference on Alge- 
bra and its application. Decker Publication, New York., 301(1981). 

[22] M.K. Sen and S. Chattopadhyay; Semidirect product of a monoid and a T- 

semigroup, East-West J. Math., 6 (2004)131-138. 
[23] M.K. Sen and N.K. Saha; On T-semigroup I, Bull. Cal. Math. Soc, 78 (1986) 

180-186. 

[24] M.K. Sen and A. Seth; On po-T -semigroups, Buh. Calcutta Math. Soc, 85 (1993) 
445-450. 

[25] M. Uckun, M.A. Oztiirk and Y.B. Jun; Intuitionistic fuzzy sets in V-semigroups, 
Buh. Korean Math. Soc, 44(2) (2007) 359-367. 

[26] Xiang-Yun. Xie; Fuzzy ideal extensions of ordered semigroups, Lobach Journal of 

Mathematics., 19 (2005) 29-40. 
[27] L.A. Zadeh; Fuzzy sets. Information and Control., 8 (1965) 338-353. 



17 



